A NEW GENERALIZATION OF SOME INTEGRAL 
INEQUALITIES AND THEIR APPLICATIONS 



IMDAT I§CAN 

Abstract. In this paper, a new identity for convex functions is derived. A 
consequence of the identity is that we can derive new estimates for the remain- 
der term of the midpoint, trapezoid, and Simpson formulae for functions whose 
derivatives in absolute value at certain power are convex. Some applications 
to special means of real numbers are also given. 



1. Introduction 

Let / :ICE->lbea convex function denned on the interval / of real numbers 
and a,b £ I with a < b. The following inequality 



(1.1) 



< 



1 



b-. 



f(x)dx < 



/(«) + f(b) 



holds. This double inequality is known in the literature as Hermite-Hadamard 
integral inequality for convex functions. See [IJ |2| II] , the results of the general- 
ization, improvement and extention of the famous integral inequality (|1.1[) . 

The following inequality is well known in the literature as Simpson's inequality . 

Let / : [o,6]->l be a four times continuously differentiable mapping on (a, b) 
and ||/^|| = sup |/^ 4 )(a;)| < oo. Then the following inequality holds: 

x£(a,b) 



f(a) + /(&) 



2/ 



6-. 



f(x)dx 



< 



2880 



f(4) 



(b -of 



In recent years many authors have studied error estimations for Simpson's in- 
equality; for refinements, counterparts, generalizations and new Simpson's type 
inequalities, see [6l [3 [8] 

In [8], Sarikaya et al. obtained inequalities for differentiable convex mapping 
which are connected Simpson's inequality, and they used the following lemma to 
prove this. 
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Lemma 1. Let f : I C K — > R &e an absolutely continuous mapping on 1° such 
that f G L[a, b], where a,b £ 1° with a < b. Then the following equality holds: 

b 



f(a) + 4/ 



f(b) 



1 



b — a 



f(x)dx 



t 1 

2 ~ 3 



f'i^b+^a 



1 t 

3 ~ 2 



/ I — —a 



1-t 



dt. 



The main inequality in [5], pointed out, is as follows. 

Theorem 1. Let / :JcR->ti»ea differ entiable mapping on L° , such that 
f G L[a,b], where a,b G 7° wif/i a < b. Lf If \ f'\ q is convex on [a,b], q > 1, t/ien 
ifte following inequality holds, 

b 



(1.2) 



/(a) + 4/ 



a + 6 



/(&) 



1 



< 



b-a S1 + 2P+ 1 



12 \3(p+l) 
where - + - = 1. 



6 — a 
3|/'(6)|' + l/' (o)l' 



f(x)dx 



S\f'(a)\ q + \f'(b)\ q Y 



In [7], Sarikaya et al. obtained a new upper bound for the right-hand side of 
Simpson's inequality for convex mapping: 

Corollary 1. Let f : I a [0,oo)— > M be a differ entiable mapping on 1° , such that 
f G L[a,b], where a,b G 1° with a < b. If If \ f'\ q is convex on [a,b], q > 1, then 
the following inequality holds, 

b 



(1.3) 

^ b-a fl + 2'P +1 



f(a) + 4/ 



f(b) 



1 



b — a 



12 V3(p + 1) 



\f(b)\«+ f (2±fi 



/(x)dx 
|/'( a )|9 + |/'(2±6)|»y 



where — I — = 1. 
p g 

In [3], some inequalities of Hermite-Hadamard type for differentiable convex 
mappings were presented as follows. 

Theorem 2. Let f : I C R — > M &e a differentiable mapping on 1° , a,b G 1° 
a <b. If If |/'| is convex on [a, &], i/ien f/ie following inequality holds, 

b 



(1.4) 



a + & 



1 



6- 



f{x)dx 



< 



b-a f\f'(a)\ + \f'(b)\ 



In this paper, in order to provide a unified approach to establish midpoint in- 
equality, trapezoid inequality and Simpson's inequality for functions whose deriva- 
tives in absolute value at certain power are convex, we derive a general integral 
identity for convex functions. Finally some applications for special means of real 
numbers are provided. 
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2. Main results 
In order to prove our main theorems, we need the following Lemma. 

Lemma 2. Let f : I C R — > R be a differentiable mapping on 1° such that f G 
L[a,b], where a,b G / a < b and a, A € [0,1]. XTien i/ie following equality 
holds: 



(2.1) A (a/(o) + (1 - a) /(&)) + (1 - A) /(oa + (1 - a) 6) - 



6-. 



f(x)dx 



(b-a) 



(t ~ aX) f (tb + (1 - t)a) dt 



+ J {t-l + \(l-a))f'(tb + {l-t)a)dt 

l-a 

Proof. We note that 

l-a 1 

I=[ (t-a\)f'(tb + (l-t)a)dt+ [ (t - 1 + A (1 - a)) f (tb + (1 - t)a) dt 



integrating by parts, we get 



I = (t- aA) 



f(tb+(l-t)a) 



b — a 



f(tb+(l-t)a) 



+ (t-l + X(l-a)) 



f(tb+(l-t)a) 



b — a 
l 



dt 



b — a 



l-a 



f(tb+(l~t)a) 
b — a 



dt 



l-a 



(1 — a — aX) 



f((l-a)b + aa) aXf(a) (1 - a) Xf(b) 



b — a 



b — a 



-(-a+X(l-a)) 



f{{l-a)b + aa) f f (tb + (1 - i)a) 
b — a 



-dt. 



Setting x = tb + (1 — t)a, and dx = (b — a) dt, we obtain 



(b — a)I = X (af(a) + (1 - a) f(b)) + (1 - A) f(aa + (l-a)b)- 



f(x)dx 



which gives the desired representation (|2.1 



□ 



Theorem 3. Let / : J C R — > R be a differentiable mapping on L° such that 
f G L[a, b], where a, b G L° with a < b and a, X G [0, 1]. If \ f'\ q is convex on [a, b], 
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q > 1, then the following inequality holds: 



(2.2) 



A (af(a) + (1 - a) /(&)) + (1 - A) /(cm + (1 - a) 6) - 



< < 



where 
(2.3) 



(&-«)(7 2 ^(^il/'WI 9 + M2l/'(a)r)' 

(fo-«){7rM^i/'wi 9 +M 2 i/'(«)n" 

+^M%l/'(&)| 9 + ^l/'(«)r)' 



7i = (1 - a) 



aA 



(1-a) 



6 — a 



f(x)dx 



aX< l-a< 1- A (1-a) 



aA < 1 - A(l - a) < 1 - a 



1 - a < aA < 1 - A(l - a) 



7 2 = ( aA ) 2 - 7i 



(2.4) 



■L>l = 



t>2 



i-(i-«r 

2 

1 + (1-CV) 2 



- a [1 - A (1 - a)] , 

-(A + l)(l-a) [1-A (1-a) 



(2.5) 



(2.6) 



Mi 

/'2 

M4 

Vi 

V2 



(aA) 3 + (l-a) 3 x (l-a) 5 
aA 



1 + a 3 + (1 - aA) 3 (1 - aA) , 
3 2 ' 



aA 



(1-a) 2 (1-a) 3 



(aA - 1) (1 - a^ 1 - a 3 



2 3 

\3 



l-(l-a) J _ [1-A (1-a)] 
3 2 

A (1-a) a 2 _ a 3 
2 3 ' 



a (2 -a). 



»?4 



(l-a)f _ [l-A(l-a)] ^ + (1 _ Q ^ + l + (l~a) 3 ; 



[A (1-a)] 3 A (1-a) a 2 a 3 
3 2 + T' 



INTEGRAL INEQUALITIES 



Proof. Suppose that q > 1. From Lemma [2] and using the well known power mean 
inequality, we have 

b 

X (af(a) + (1 - a) /(&)) + (1 - A) f(aa + (1 - a) b) ' 



b — a 



f(x)dx 



o 



n-a 



\t-aX\dt 



< (b-a) 

< (b-a) 
(2.7) 



j J \t-l + \(l-a)\dt 

\l—a 



1-Q 1 

\t-aX\\f (tb + (l-t)a)\dt+ J \t - 1 + A (1 - a)\ \f (tb + (1 - t)a)\ dt 

l-Q 



q /1—ce 



9/1 



\t-aX\\f (tb+ (1 -t)a)\ q dt 



|i-l + A(l-a)| \f (tb+ (1 -t)a)\ q dt 



\l-a 



Since \f'\ q is convex on [a, 6], we know that for t G [0, 1] 

\f(tb+(l-t)a)\ q <t\f'(b)\ q + (l-t)\f'(a)\ q , 
hence, by simple computation 



(2.8) 



\t-aX\dt 



7 2 , a\ < 1 — a 
7i) Q^A > 1 — a 



7i = (!- ") 



aA 



(1-a) 



. 7 2 = ( aA ) - 7i > 



(2.9) 



\t-l + X(l-a)\dt 



l-a 



Vl = 



i-'2 



l-(l-a) 2 



1 + (1 - a) 



ui, l-A(l-a)<l-a 
u 2 , l-A(l-a)>l-a ' 



a[l - A (l-a)], 

(A + 1)(1- a) [1-A(1 



|t-aA||f (i&+(l-i)a)| 9 di < / |i - aA| [t |/'(6)| 9 + (1 - t) \f'(a)\ q ] dt 



1 j ~ I ^\f(b)\ q + n 4 \f'(a)\ q , aX>l-a ' 



Mi 

/<2 



(aA) 3 + (1 ~ a) 3 x (l-a) 2 
aX . 



l + a 3 + (l-aA) 3 (1-aA) 



(l + « 2 ), 
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/'3 
/<4 



(I -a) 2 (1-a) 3 



aX 



(aX-l)(l-a 2 ) 1-a 3 



3 
+ 



and 



J \t-l + X(l-a)\\f'(tb+(l-t) 



a)\ q dt 



l-a 
1 



< 



J \t - 1 + A (1 - a)\ [t \f(b)\ q + (1 - 1) \f(a)\ q ] dt 



(2-11) 



+ l-A(l-a)<l-a 
+ l-A(l-a)>l-a ' 

where 77 1; ?7 2 , 77 3 and ?y 4 are defined as in (|2.6j) . Thus, using (|2.8|l - (|2.11|l in (|2.7|l . 
we obtain the inequality ()2.2[) . This completes the proof. □ 

Corollary 2. Lei f/ie assumptions of Theorem\3\ hold. Then for q — 1 the inequality 
I!?)) reduced to the following inequality 

b 

A (a/(a) + (1 - a) /(&)) + (1 - A) /(aa + (1 - a) b) - -L_ 



(2.12) 



f{x)dx 



(6 - a) {(mi+%) + (M2 + »h) !/'(«)!} , aA < 1 - a < 1 - A (1 - a) 

<<( (&-a){(M 1 +%)|f(&)| + (M 2 + %)l/'(«)l}, aA<l-A(l-a)<l-a 
(6 - a) {(m 3 + % ) |/'(o)| + ( M4 + r? 4 ) \f'(a)\} , 1 - a < aX < 1 - A (1 - a) 

Corollary 3. Let the assumptions of Theorem^ hold. Then for a = | and A = -| . 

from the inequality i2.2\) we get the following Simpson type inequality 

b 



(2-13) 



< {b -a) 
( 61 



f(a) + 4/ 



72 



•/(*») 



1 



29 



1296 
29 



b — a 
61 



1296 



f(x)dx 



i/»r 



V1296 " ' 1296 

which is the same of the inequality in [3 Theorem 10] for s = 1 . 

Corollary 4. Le£ £/ie assumptions of Theorem [3] ZioZrf. TTien /or a = \ and X = 
OJrom the inequality 

'a + b 



(2-14) 



we get the following midpoint type inequality 

!, 



1 



f(x)dx 



< 



2 J b-a 

b-a I f \f'(b)\ q + 2\f'(a)\ q Y , f2\f'(b)\ q + \f'(a)\ q Y 
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Corollary 5. In Corollary \Q if q = 1, then we have the following midpoint type 
inequality 



(2.15) 



a + b 



b-. 



f{x)dx 



< 



-a ^ \f(a)\ + \f'(b)\ ^ 



which is the same of the inequality (TJ 



Corollary 6. Let the assumptions of Theorem [3] hold. Then for a = ^ and X 
ljrom the inequality 112. 2\) we get the following trapezoid type inequality 



f(a) + f(b) 1 



f(x)dx 



2 b - a 

b-a( f\f(b)\ q + 5\f'(a)\ q Y , f5\f(b)\ q + \f'(a)\ q 



8 1 V 6 J \ 6 

Using Lemma [2] we shall give another result for convex functions as follows. 

Theorem 4. Let / :/ ci-)Mfca differentiable mapping on 1° such that 
f € L[a, b], where a,b g 1° with a < b and a, A e [0, 1]. // \f'\ q is convex on [a, b], 
q > 1, then the following inequality holds: 
(2.16) 

b 

A (a/(a) + (1 - a) /(&)) + (1 - A) f(aa + (1 - a) b) - f f(x)dx < (b - a) 

b — a 



p+1 



where 
(2.17) 



(1 - a)5 efSf + a*ef<5| 
(1 - a)* Ef 4 4 
(1 - a)' 44 +"'44 



aA < 1 - a < 1 - A(l - a) 
aX < 1 - A(l - a) < 1 - a 
1 - a < aX < 1 - A (1 - a) 



\f'((l-a)b + aa)\ q + \f (a)\ q \f> ((1 - a) b + aa)\ q + \f (b)\ q 

Ol = n ' °2 = ^ , 



£3 



(aX) p+1 + (1 - a - aA) p+1 , e 2 = (aA) p+1 - (aA - 1 + a) p+1 , 



\p+i 



p+i 



^p+l 



[A (1 - a)} p+1 + [a - X (1 - a)] p+i , £4 = [A (1 - a)] p+i - [A (1 - a) 



1P+1 



P+i 



lP+i 



and - + - = 1. 

p 1 
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Proof. From Lemma [2] and by Holder's integral inequality, we have 



A (af(a) + (1 - a) f(b)) + (1 - A) f(aa + (1 - a) b) 



1 



b — a 



f(x)dx 



[l-a 1 

: {b -a) J \t-a\\\f (tb+(l-t)a)\dt+ J \t - 1 + A (1 - a)| |/' (tb + (1 - t)a)\ dt 

l-a 

1 1 
f\— ot \ p /X—ot 

: {!>-»n{\ J \t-a\\ p dt\ If \f(tb+(l-t)a)\ q dt 



(2.18) + / \t-l + X(l-a)\ p dt 



\f (tb + (1 - t)a)\ q dt 



Since \f'\ q is convex on [a, b], for a 6 [0, 1) by the inequality (ll.ip . we get 



> . 



|/'(«>+(l-i)a)| 9 ^ = (l-a) 



(l-a)6+aa 



I/' tol'ds 



(2.19) 



< (l-a) 



(1 - a) (b-a) 

a 

\f((l-a)b + aa)\ q + \f (a)\ q 



The inequality (|2.19j) holds for a — 1 too. Similarly, for a G (0, 1] by the inequality 
(ll.lj) . we have 



\f'(tb+ (1 -t)a)\ q dt = a 



X—a 



1 



\f'(x)\ q dx 



(2.20) 



< a 



a (b — a) 
\f((l-a)b + aa)\ q + \f (b)\ q 



The inequality (|2 . 20[) holds for a = too. By simple computation 
(2.21) / |t-«A| p dt = 



(aA) p+1 + (l-a-ctA) i: 



P+l 

(aA) p+1 -(aA-l+a) p+1 
P+l 



, aA < 1 — a 



aX > 1 — a 



and 
(2.22) 

[ WMfVA(i-.r' l-a<l-A(l-a) 

t-l + A l-a )\ p dt= I nn , f+1 P+ , . 1P+1 ' " v ; 

\ fA(1 ' a)1 -fAa-a)-oi p + ^ i_ a >i_A(l-a) 



thus, using (f2TT9"]) - l[2T2"2")) in ([2TT5]) . we obtain the inequality l[2TT5]) . This completes 
the proof. □ 
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Corollary 7. Let the assumptions of Theorem^ hold. Then for a = ^ and A = -|, 

from the inequality \2.1b}) we get the following Simpson type inequality 



(2.23) 



f(a) +4/ 



a + b 



f(P) 



f(x)da 



< 



b-a ( 1 + 2P" 1 



12 V3(p+1) 



/'(o^)r + i/»r 



which is the same of the inequality il.3\) . 

Remark 1. We nofe iftai z/ we use convexity of\f'\ q in the inequality \2.23\) then 
we obtain the inequality il.2\) . 



Corollary 8. Let the assumptions of Theorem^ hold. Then for a = \ and A = 0, 
from the inequality 112.16]) we get the following midpoint type inequality 



b — a 



< 



b-a ( 1 



P+l 



f(x)dx 



i/'(^)r+i/'(«)i gx 



\rm\ q 



\f'(b)\" 



Corollary 9. Let the assumptions of Theorem^ hold. Then for ol=\ and A = 1, 
from the inequality V2.16}) we get the following trapezoid type inequality 



/(«)+/ (6) 



b- 



f{x)dx 



< 



b-a ( 1 



p+l 



|f(W + l/»l 



q \ q 



Theorem 5. Let f : I C 



&e a differ entiable mapping on 1° such that 



f G L[a, 6], where a,b £ 1° with a <b and a, A G [0,1]. is convex on [a,b], 

q > 1, i/ien i/ie following inequality holds, 

(2.24) 



A (a/(a) + (1 - a) /(&)) + (1 - A) /(aa + (1 - a) b) 



b — a 



f(x)dx 



<{b-a) 



p+l 



ii ii 

F P fi q -A- F P h q 

£ 1 °3 + e 3 °4 

44+44 
44+44 



, aA<l-a<l-A(l-a) 
, arA<l-A(l-a)<l-a 
, 1 - a < aX < 1 - X(l - a) 
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where 



ir(b)| g (l-a) 2 + (l- a 2 )ir(o)| g dt _ |r(6)|^(2 -a) + a 2 |r(a)|^^ 
, d 4 — 



2 ' " 2 

£l = («A) P+1 + (1 - a - aA) p+1 , e 2 = (aA) p+1 - (aA - 1 + a) p+1 , 

e 3 = [A (1 — a)} p+1 + [a - A (1 - a)f +1 , e 4 = [A (1 - a)f +1 - [A (1 - a) - a] p+1 
and - + - = 1. 

Proof. From Lemma [2] and by Holder's integral inequality, we have the inequality 
(|2.18|) . Since Since \f'\ q is convex on [a, b), we know that for t E [0, 1 — a] and 
ie[l-a,l] 



Hence 



i/'(t6+(i-t) a )r<t|/'(6)r+(i-t)i/'(a)r. 



A (a/(o) + (1 - a) /(&)) + (1 - A) /(aa + (1 - a) 6) - — / /(s)di 



p /1 — a 



< (6 _ a )J | |t- a A| p di | t|/'(6)| 9 + (l-<)|/'(a)r 



l \ p / i 



+ | y |t- 1 + A(l -«)| p rf£ I j I t\f(b)\ 9 + (l-t)\f'(a)\ q dt 

\l~a / \l-ot 



< (6 -a) < I y |f-aA| p df 



|/'(6)| 9 (l-ar + (l-a 2 )|/'(a)| 9 d^ 9 



(2.25) + / \t-l + \(l-a)\ p dt 



\f (6)|" a (2 - a) + a 2 \f {a)\ q dt 



\l-a 



thus, using (|2.21l) . (|2.22l) in (|2.25|) , we obtain the inequality (|2.24l) . This completes 
the proof. □ 

Corollary 10. Let the assumptions of Theorem^ hold. Then for a = \ and A = i . 

from the inequality 12.16\) we get the following Simpson type inequality 



/(a) + 4/(^)+/(6) 



b — a 



f(x)dx 



< 



b-a(l + Z^y /3\f'(b)\ q + \f (a)\ q Y , /3|/'(a)| 9 + |/'(6)| 9 V 



12 V3(p+i)7 [V 4 

which is the same of the inequality ll.Sfy 
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3. Some applications for special means 

Let us recall the following special means of arbitrary real numbers a, b with a =/= b 
and a e [0, 1] : 

(1) The weighted arithmetic mean 

A a (a, b) := aa + (1 — a)b, a, b € R. 

(2) The unweighted arithmetic mean 

A (a, b) := a, b e R. 

(3) The weighted geometric mean 

G a (a,b) = ^b 1 -", a,b>0. 

(4) The unweighted geometric mean 

G(a,b) = Vab, a, b > 0. 

(5) The weighted harmonic mean 

H a {a,b):=(^+ 1 -^ , a,kl\{0}. 

(6) The unweighted harmonic mean 

H(a,b):=^, a,foeR\{0}. 

(7) The Logarithmic mean 

(8) Then n-Logarithmic mean 

/ _ a n+l \ £ 

L " ( a > 6 ) := 7 , Tvi: V . n e Z\ {-1,0} ,a,kl,«/i. 

V(n + l)(6-a)y 

(9) The identric mean 

1 /b b \~^ 
I(a,b) = - — , a,6>0, a^&. 
e V a a / 
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Proposition 1. Let a, b € R with a < b, <^ [a,b] and n <E Z, |n| > 2. TTien, /or 
a, A G [0, 1] and q > l,we aave i/ie following inequality: 



\\A a {a n ,b n ) + {l-X)A n a (a,b) - Ll(a,b)\ 



< < 



(b-a)\n\ U 2 « ( Ml |6| ( "-^ + // 2 |a| 



(n-l)g\ « 



+«3 * (%l&| ( ^ lk + ^4l«| ( "" 1)9 ,T 

(&- a )H(7r"fMii&i ( ^ i)9 +M 2 i«i (ri 



l)q I i(n— l)o\ 9 



1-i 



(6-a)|n|| 7 i 9 (m 3 + M 4 |a| 



(n~l)q\ 1 



aA<l-a<l-A(l 



aA < 1 - A(l - a) < 1 - 



l-a<aA<l-A(l 



where 7 X , 7 2 , t>2> Ml) ("2; ^37 M47 ?7i> ^27 ^4 numbers are defined as in 



Proof. The assertion follows from Theorem|3l for f(x) — x n , x G R, n G Z, |n| > 
2. □ 



Proposition 2. Let a, & € R wii/i a < b, ^ [a,b] , and tie Z, |n| > 2. Then, for 
a, A G [0, 1] and g > 1, we /iaue £/ie following inequality: 



\XA a (a", 6") + (1 - A) A n a (a, 6) - (a, 6)| < (6 - o) 



1 \ > 



p + 1 



x < 



(1 - a) 9 ef 6»i +a9e|6» 2 



where 



aA<l-a<l-A(l-a) 
aA<l-A(l-a)<l-a , 
l-a<aA<l-A(l-a) 



0! = Ai (\A£-V* (a, 6) I , |a| ( - 1)9 ) , 2 = A* (\a^ (a, b)\ , |&| ( "~ 1)<? ) , -+- 



p q 



and Ei, £1, £3, £4 numbers are defined as in \2.11\ l. 

Proof. The assertion follows from Theorem^! for f(x) = x n , i£l, neZ, |n| > 
2. □ 
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Proposition 3. Let a, b £ K with a < b, ^ [a, b] . Then, for a, A £ [0, 1] and 

q > 1, we /lave i/ie following inequality: 



IXH- 1 (a, b) + (1 - A) A" 1 (a, b) - IT 1 (a, 6)1 



< 



(fe-a)<{7 2 ' (a*1|^3? +Ai 2 ]^ 



+^2 1 (»?3i5p 



^4 



1 ^ 9 



l«| 



1-A 



i i 9 



< 7 ' «) <| 7l " (^3|fcp 



M4- 



1 \ 9 



+ u 2 [Vsnh +? ?4i 



aA<l-a<l-A(l-a) 



aA < 1- A(l - a) < 1 



l-a<aA<l-A(l-a) 



where y 1: 7 2 , Wi, U2, Ml; ^2; M3j M4j ^ij 7 72j ^3 1 ^4 numbers are defined as in 



□ 



Proof. The assertion follows from Theorem[3J for /(x) = i£t\ {0} . 



Proposition 4. Lei a, b £ R wz</i < a < 6. Then, for a, A £ [0, 1] and q > 1, we 
have the following inequality: 



\XH- 1 (a,b) + (l- \)A- 1 (a,b)~L- 1 {a,b)\ < (b - a) 



1 \ 5 



p+ 1 



x < 



(1 - a) 9 ef 3 + aie|6» 4 
(l-a)5e[6»3 + Q;i£|6'4 
(1 -a)«e|0 3 + Q; 9 4^ 



aA<l-a<l-A(l-a) 
aA < l-A(l-a) < 1-a , 
l-a<aA<l-A(l-a) 



where 



= E~\ (A 2 J (a, b) , a 2 «) , fl 4 = ( a , 6) , 6 2 «) , i + ~ = 1, 



and £i, £2, £3, £4 numbers are defined as in {2.11^ . 
Proof. The assertion follows from Theorem [4j for f{x) 



= i l£ l\{0}. 



□ 
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Proposition 5. Let a, b € E wrtft < a < b. Then, for a, A <E [0, 1] and q>l, we 
have the following inequality: 



| A x (In G a (a,b), In A a (a, b) ) - In /(a, 6) | 



l-A 



< ^ 



(6 -a) 72 5 (Mi^ + M 2 ^) ; 



aA<l-a<l-A(l-a) 



aA<l-A(l-a)<l-a 



| _ 1 , l-a<aA<l-A(l-a) 

where 7 l7 7 2 , t>i, «2> Ml; A*2j ^37 ^47 ^l) ^27 %> numbers are defined as in 
<fO)-<fO). 

Proof. The assertion follows from Theorem [3j for /(x) = — lnx, x > 0. □ 

Proposition 6. Let a,6Gl iw'f/i < a < b. Then, for a, A € [0, 1] and g > 1, we 
/iawe i/ie following inequality: 



\A\ (In G a (a,b), In A Q (a, 6)) -In /(a, 6)| < (6 -a 



1 



x < 



where 



p+1 

aX < 1 - a < 1 - X(l - a) 
aX < 1 - A(l - a) < 1 - a , 
l-a<aA<l-A(l-a) 

9 3 = ff-i (4| (a, 6) , a 9 ) , 64 = H~k {A* (a, &),&«), - + - = 1, 

p q 



(1 - a)« ef 6< 3 + a9£|6»4 
(1 -a)« Ef0 3 + a«e| 4 
(1 -a)«£|d 3 + a«e|04 



and Si, £2, £3, £4 numbers are defined as in \2.11ty . 

Proof. The assertion follows from Theorem 01 for f(x) = — hxx, x > 0. 
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